Abstract. In this paper, we obtain classification of four-dimensional Einstein manifolds with positive Ricci curvature and pinched sectional curvature. In particular, the first result concerns with an upper bound of sectional curvature, improving a theorem of E. Costa. The second is a generalization of D. Yang's result assuming an upper bound on the difference between sectional curvatures.
Introduction

A Riemannian manifold (M, g) is called Einstein if it satisfies
where Rc is its Ricci curvature and λ is a constant. A fundamental question in differential geometry is to determine whether a smooth manifold admits an Einstein metric or not. In dimension four, the Hitchin-Thorpe inequality gives a topological obstruction to the existence of such a structure. Currently, there is no known topological obstruction in higher dimensions. Thus, a generally crucial problem is to classify Einstein manifolds with suitable curvature assumptions. Furthermore, it is known that if λ > 0 then M is compact and has finite fundamental group by Myer's theorem [13] . Again, in dimension four, there are not many examples. The well-known ones (irreducible and reducible symmetric spaces) are the sphere S 4 with round metric g 0 , the complex protective space CP 2 with Fubini-Study metric g F S , the product of two spheres with same curvature S 2 × S 2 , and their quotients. They all have non-negative sectional curvature and are only known examples with that condition. This motivates the following folk conjecture (see, for example, [17] ): Conjecture 1.1. An Einstein four manifold with λ > 0 and non-negative sectional curvature must be either S 4 , CP 2 , S 2 × S 2 or quotient.
For convenience, one can normalize the metric such that Rc = g. M. Berger first obtained classification under the condition that the sectional curvature is 1/4-pinched [1] . In the last decades, there have been many attempts to completely solve this conjecture; for example, see [10, 17, 8, 7] and the references therein. In particular, one interesting approach is to assume a positive lower bound on the sectional curvature, i.e., K min ≥ ǫ > 0; this immediately implies that K max ≤ 1 − 2ǫ, so the sectional (2 − √ 2) by E. Costa [8] to 1 12 by the first author and P. Wu [7] . There are also classification results under related conditions such as K ≥ 0 and positive intersection form [10] , non-negative curvature operator [15] , nonnegative isotropic curvature [4] , and 3-nonnegative curvature operator [7] .
It is noted that K ≥ 0 implies K ≤ 1. So it is also interesting to consider upper bounds on the sectional curvature (say K ≤ 1) instead of lower bound. Costa [8] observed that if K ≤ 2 3 then the Einstein manifold must be S 4 , CP 2 or their quotients. Note that without assuming non-negativity of sectional curvature, an upper bound on K gives, due to the algebraic structure, a priori lower bound on K. For instance if K ≤ 1 implies K ≥ −2. But a careful analysis of the differential structure would give a better bound. In particular, using [7, Proposition 2.4(3) ], one can show that the condition K < 1 is equivalent to the Riemannian curvature operator being 4-positive; hence, it follows that
That's our motivation to derive the following improvements.
) be a complete smooth 4-manifold such that Rc = g. Assume the sectional curvature satisfies either one of the following conditions: ≈ .6666. Condition (b) generalizes a result of [17] where the lower bound is 9/14 ≈ .642857. As explained in Section 4, this is essentially an upper bound on the difference between two highest sectional curvatures; see Berger's decomposition in Section 2.
Here is a sketch of the proof. The main idea is to make use of elliptic equations, which arise from Ricci flow computation, to study a static metric (see [4, 6, 7, 16] for similar exploitation of this approach). In particular, Brendle first observed a Bochner formula for the Riemannian curvature on an Einstein manifold. Considering this formula at point p, which realizes the minimal sectional sectional curvature, yields an inequality involving only zero order terms. Thus, either condition leads to a lower bound of K, which improves the a priori bound. The rest of the proof is an adaptation of arguments in [17, 7] : integrating a Bochner-Weitzenböck identity of the Weyl tensor and pinched sectional curvature imply the manifold is half-conformally flat. Then Hitchin's classification theorem of such manifolds completes our proof.
The organization of the paper is as follows. The next section collects preliminaries including Berger's curvature decomposition, the inequality at point p realizing the minimal sectional sectional curvature, and classifications by a condition on the Weyl tensor. Section 3 derives estimates from the algebraic structure of the curvature and the inequality resulted from the differential structure. Finally, the last section provides proof of the main theorem.
2. Preliminaries 2.1. Curvature decomposition for Einstein four-manifolds. On an oriented four-manifold (M, g), let R, K, Rc, S, W denote the Riemann curvature, sectional curvature, Ricci curvature, scalar curvature and Weyl curvature respectively. Also χ and τ denote the Euler characteristic and topological signature. The Hodge star operator induces a natural decomposition of the vector bundle of 2-forms
where ∧ ± M are the eigenspaces of ±1 respectively. Elements of ∧ + M and ∧ − M are called self-dual and anti-self-dual. Furthermore, it leads a decomposition for the curvature operator R :
Id is the traceless Ricci part. If the manifold is closed, then the Gauss-Bonnet-Chern formula for the Euler characteristic and Hirzebruch formulas for the signature (cf. [2] for more details) are, Also as a direct consequence of (2.2) and (2.3), we have the Hitchin-Thorpe inequality
For instance, the curvature of S 4 (χ = 2, τ = 0) with standard metric g 0 is:
Id
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Id (RP 4 , g 0 ) is the quotient of (S 4 , g 0 ). The curvature of CP 2 (χ = 3, τ = 1) with Fubini-Study metric g F S is:
Id .
The self-dual part of Weyl tensor W + = Diag{− }.
The duality decomposition also implies that, R, R ± , W, W ± of an Einstein fourmanifold are all harmonic. Using the harmonicity of W ± , A. Derdziński [9] derived the following Weitzenböck formula (also see A. Besse [2, Prop. 16 .73]),
It was observed by Gursky-LeBrun [10] and Yang [17] that W ± satisfies the following refined Kato inequality (proven to be optimal by [3, 5] ), Proposition 2.2. Let (M, g) be an Einstein four-manifold, then
On the other hand, Berger [1] has another curvature decomposition for Einstein four-manifolds (also see [14] ). Proposition 2.3. Let (M, g) be an Einstein four-manifold with Rc = λg. For any p ∈ M, there exists an orthonormal basis {e i } 1≤i≤4 of T p M, such that relative to the corresponding basis
Moreover, we have the followings:
One can easily observe that, for Einstein four-manifolds, diagonalization of (2.10) becomes (2.4). As a consequence, eigenvalues of the curvature operator are ordered, (2.11)
Here a i + b i (1 ≤ i ≤ 3) are eigenvectors of self-dual 2-forms, and a i − b i (1 ≤ i ≤ 3) are eigenvectors of anti-self-dual 2-forms. Furthermore, W ± are given by,
where {ω ± i } 1≤i≤3 are the corresponding orthonormal bases of ∧ ± M using Prop 2.3.
In the following, we normalize the metric such that Rc = g. Recall that for Einstein manifolds (see [11] or [4] ),
Berger's curvature decomposition yields explicitly that ∆R(e 1 , e 2 , e 1 , e 2 ) + 2(a Hence it follows that (∆R)(e 1 , e 2 , e 1 , e 2 )(p) ≥ 0. Thus, at p, the following holds
2.2. Classification by estimates on W ± . We also need the following, which is implicit in [7] . A proof is provided for completeness. Proposition 2.4. Let (M, g) be an Einstein four-manifold Rc = g such that,
Proof. If the manifold is half-conformally flat, then, by Hitchin's classification [2, Theorem 13 .30], the result follows. If not, then for some α > 0 to be determined later, and any ǫ > 0, there exists t = t(α, ǫ) ∈ R + , such that
Applying Weitzenböck formula (2.8) and refined Kato inequality (2.9) yields,
Using the Poincaré inequality, we have
where λ 1 is the lowest positive eigenvalue of the Laplace operator. In our case that Ric = g, we have λ 1 ≥ (see, for example, [12] ). Picking α = , which maximizes the value of ), substituting S = 4, and integrating the above inequality (*), we obtain
Recall the algebraic inequalities,
The integrand is a quadratic function of t, with positive leading coefficient and discriminant
So equality must happen at each point and so either |W + | or |W − | must vanish at each point. As both are analytic functions, one of them must be vanishing at every point. So the manifold is half-conformally flat, a contradiction.
Estimates
In this section, we derive estimates from the algebraic structure of W ± and the differential inequality (2.13). 
Proof. We'll prove the first estimate while the second one follows from the same method. Let {λ i , µ i } 3 i=1 be eigenvalues of W ± . By (2.12) the assumptions above translate to
So we consider the following problem. For,
The constraints become:
The goal is to maximize
First, since the constraint is a closed set, the maximum exists. Next, we consider the problem with 2 variables m, n. The constraints become,
The function to maximize is
We consider the following cases.
Since the function f (x) = √ x 2 + a 2 + x, a > 0, is strictly increasing,
Case 2: ℓ = 0 then g(n, 0) = 4n 2 − 6(α 1 + δ)n + 9α
Case 3: n = δ then
Case 5: At a critical point,
Therefore, at that point,
Then, 
Remark 3.2. The condition that 6α + δ − 4 ≤ 3 implies 3-non-negative curvature.
Proof. Recall,
By Lemma 3.1, at each point,
So it remains to maximize, given the pinching condition on a 1 , a 3 ,
By the algebraic properties of a 1 , a 3 , the domain here is a quadrilateral determined by lines x = α, y = β, 2x + y = 1, 2y + x = 1 (which is already within the half-plane y ≥ x). So standard technique yields,
The result then follows.
Remark 3.3. In [10] , the authors show that if W + ≡ 0 then,
That is, if the Einstein 4-manifold is not half-conformally flat then,
They also observe that if a 1 ≥ 0 then,
As a consequence, it follows that
Therefore, there are only finitely many homeomorphism types for an Einstein 4-manifold with non-negative sectional curvature and not half-conformally flat. Corollary 3.1 then gives a more precise description of the relation between the topology type and bound on the sectional curvature. For instance, if
≈ .04466 then we could choose β = 1 −2α and then (|τ |, χ) could only be one of the following choices (1, 5), (1, 7), (0, 2), (0, 4), (0, 6).
Differential Estimates.
Here we derive several consequences of (2.13). First we observe the following. Lemma 3.2. Let xy ≤ 0 and assume
Proof. Let m = 2x + y and n = x − y then
Consider the region D = {−a ≤ m ≤ a; −b ≤ n ≤ b}. The only critical point of f (m, n) is (0, 0) and f (0, 0) = 0. So we consider the function along the boundary of D and the result follows.
Recall that p is the point that realizes the minimum of the sectional curvature of (M 4 , g) by the tangent plane spanned by {e 1 , e 2 }. At point p, we get:
Also by Prop 2.3 we observe,
So Lemma 3.2 implies the followings:
•
Consequently, it is possible to obtain a lower bound for sectional curvature given an upper bound.
Lemma 3.3. At point p, suppose a 3 = α ≤ 1 then we have:
Proof. Let δ = a 1 = min K at point p then we have
If a 1 < 0 then a 2 < 0 and, consequently a 3 > 1, a contradiction. So either a 1 = a 2 = 0 or a 1 = a 2 = 
As a consequence,
So,
But that is a contradiction for 1 3 ≤ α ≤ 1. Thus this case does not hold. Case 2: 4a 2 ≤ 1 + a 1 and, by the discussion following Lemma 3.2, we have
Proof. Let a 3 = α at point p. Then by Lemma 3.3,
Remark 3.4. Z. Zhang [18] obtains a similar result but we fail to follow the proof.
there is a contradiction. For 0
, we have,
Therefore, a 1 = a 2 = a 3 = . So a 1 = a 2 = a 3 = Proof. Let a 3 − a 2 = α at point p. Then by Lemma 3.3,
As α ≥ 0 the result follows. 
